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We show that r(3, n) C(Z) - 5 for n 2 13, and r(4, n)So(l’) - 1 for n 3 12. 
The Ramsey number r(m, n) is, by definition, ihe smallest integer p such that 
any graph of order p has a complete graph K,,, or contains an independent set of 
n vertices. Obviously r(m, n) = r(n, m), and it is easily seen that r(1, n) = 1 an&=! 
r(2, n) = n. 
For any two integers m 22 and n 2 2 
r(m, n) G r(m - 1, n) + t(m, n - 1) (1) 
holds. Furthermore, if 
inequality holds in (l), 
It is known that 
r(m - 1, n) and r(m, n - 1) are both even, then the strict 
(see, e.g., Cll)= 
and especially 
n+l 
43, n)s 2 ( ) n+2 9 r(4, n)s 3 ( ) 
(2) 
(3) 
are obtained by making use of (1). Then the upper bound of r(3, n) has been 
improved a bit as follows, [I], 
r(3, n)+n*+3), na3. (43 
The upper bounds in (2) and (4) are not best and become worse for large n. 
Recently r(3, n) <cn*/iog n has been known for some c, 143. But we do not know 
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how to calculate c. The purpose of this note is to give new calculable upper 
bounds for t(3, n) and r(4, n) which are better than the ones in (3) and (4). 
Table I gives ah known values for r(3., n) and r(4, ra), together with the best 
known upper and lower bounds, [4]. 
Table 1 
134 5 6 7 8 9 10 
3 6 9 14 18 23 28-29 36 39-44 
4 iB 25-28 34-36 
- _. 
Table 2 gives the exact values or known best upper bounds for r(3, n) and 
~(4, n). The values of m = 3, 11~ n < 14 are due to Kalbfleisch [2,3] and the ones 
of nt = 4, 7 s n s 12 are calculated by making use of (1). 
Tahlc 2 
F: 5 6 7 8 9 10 11 12 13 14 
3 6 9 14 18 23 29 36 44 54 63 73 84 
4 18 28 36 59 88 124 168 222 285 
1. upper bouu& for r(3, n) 
A graph in this note means a simple graph. For a graph G we denote by V(G), 
d(u) and N(u) the vertex set, the degree of u E V(G) and the neighbourhood of v 
respectively. Let d(u, u) denote the distance between u and v, diam(G) the 
diameter of G, 1x1 the cardinality of X and En an independent set on n vertices as 
,q induced subgraph. 
Theorem 1. Let c be a non-negative integer. Suppose that the Ramsey number 
r( 3. II ) satisfies 
! *I r(3, rt)s 
n 0 2 -c 
for some n = no - 1 and n,,. Then the inequality (*) holds for any n 5 no - 1. 
Proof. We use mathematic‘il induction with respect to n. Suppose that the 
theorem is true for no- 1, II,‘, . . . , n. Putting c‘ = (“;‘)-c, let G be any graph of 
order p which has no K3 as a subgraph. We shah show that G includes nn E:n+1. 
Case 1. Suppose that there is a tr E V(G) with d(u) 2 n + 1. Then N(U) contains 
an &+I* 
Case 2. Suppose that there is a MV(G) with d(u)sn-1. If we put T= 
V(G) - N(u) U (u}, then \fi a p - n = (!) - c s r(3, n). Hence T contains an E, and 
E&J(o) is an &++ 
Case 3. Suppose that C is n-regular. If there exist o and u such that 
d(u, ~423, then N(u)U{~} is an I?,,+*. On the other hand, diam(G) = 1 does not 
hold because of n 3 2. Hence we may assume that diam(G) = 2. Now, suppose 
that IN(u) fUN( ~2 holds for any nonadjacent vertices o and U. Let II be any 
fixed vertex and put T= V(G)-N(u)U{u], T =(UE 7’: lN(u)nN(u)\ = i), i = 
1,2. Then the 4 = IT,! satisfy 
tr+t*=\TI=p-(n+l)=$(n+l)(n-2)-c. 
On the other hand, counting the edges between N(v) and T, we have 
tr + 2t, = n(n - 1). 
Hence tr = -2- 2c, which contradicts t 1 SO. Thus there exists a pair of non- 
adjacent ZI and u satisfying IN(u) fNV(u)~ 33. If we put 7+ = 
V( 9;) - N(v) U N(u) U (u, u}, it follows that 
by the induction hypothesis. Hence T* contains an E,.,_1 and G has E,,- , U {v, u}, 
which completes the proof. 
Making use of the upper bounds in Table 2 we are able to find c as follows. 
*o -1 0 10 11 12 13 
C 0 1 1 3. 5 
Thus we have, for example, 
43, rl)S 2” 
0 
for n*9, ~(3, n)C 
0 
2” -5 for na13. 
c depends on no- 1, say c(n) where n = no - 1, and from the above table it is 
probable that we _nay expect c(n)~2(n-ll)+l for ~41. 
2. An upper bound for ~(4, n) 
Theoremn 2. Let m be a positive integer such that 
P(t% 4 q-T”), nazo+l, (9 
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holds for some no. Momver, suppose that there exists a non-negatiue constant c 
satisfying 
(**I r(m + 1, n) a(“+,“-“)-c 
f or n = no, then the inequality (**c) holds for any n 3 no. 
Proof. Suppose that (**) is true for no, . . . , n - 1. Then we have 
r(m + 1, IS) C r(m, n) + r(n~ + 1, n - 1) 
s ( m+n-3) ~+(~+“-3)_c~(~+~-‘)_c, m-l i 
which completes the proof. 
Now let US consider the case of m = 3 and no = 12. The condition (5) in 
Theorem 2 becomes r(3, n) =S (3, n 2 13, which is true. On the other hand, we 
have r(4,12) s 285 = (‘+y-* ) - 1 by Table 2. Hence all the conditions are satisfied 
with c = 1, and we obtain 
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